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Abstract. Cultural relics are often damaged and incomplete due to var-
ious reasons. For the purpose of helping archaeological studies, we present
a novel method for simultaneously restoring the original shapes of a group
of similar objects. Based on the assumption that similar shapes are ap-
proximately linearly correlated, we use a matrix recovery technique to
achieve the restoration. In order to represent input shapes in a matrix
form, vectorization of each aligned sample is carried out by stacking co-
ordinates of dense corresponding points that are generated by a surface
matching scheme using non-rigid deformation. An experiment using 3D
scans of facial sculptures from Bayon is conducted, and the result verifies
the feasibility and effectiveness of our method.

1 Introduction

Three-dimensional digital replicas play an increasingly important role in cultural
heritage preservation. With current 3D data acquisition technology, such as laser
rangefinders, the geometric information of real-world objects can be accurately
and reliably digitized. These 3D digital models can then be used for various
archaeological studies. For example, a 3D shape comparison technique was used
to help archaeologists understand the meaning of four-faced towers in the temple
Bayon at Angkor [1].

Due to natural and human factors, e.g., weathering and vandalism, historic
cultural relics are often partially damaged (as an example see Figure 2b). Even
for complete objects, sometimes it is difficult to acquire all the shape informa-
tion, because of self-occlusion or some special physical properties of the surface.
Therefore, 3D shape completion or restoration becomes a problem of practical
significance.

Several approaches have been proposed for 3D shape restoration. For in-
stance, one may focus on the smoothness of the underlying surface, using lo-
calized geometric constraints to achieve a smooth continuation [2–4]. This kind
of completion methods is suitable for filling holes, but when the missing part
contains a lot of details and structural information, it will become ineffective.
An alternative approach is to use a copy and paste scheme. Patches with similar
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Fig. 1: An overview of our shape restoration pipeline. For the input shapes, we first
generate dense correspondences among them; then, by stacking coordinates of these
corresponding points, input samples are represented as fixed-length vectors; in the
end, the restoration process is accomplished by a matrix recovery procedure.

surface characteristics could be selected from either the incomplete object itself
[5, 6], or analogous candidate models [7, 8].

In this paper, we focus on a specific instance of the shape recovery problem:
given a group of similar objects, where many of them are partially damaged and
incomplete, we aim to restore all these objects simultaneously, using the common
shape structures. Notice that this specific problem setting is not so unusual in
heritage conservation. For example, there are usually many similar god statues
excavated from the same place, keeping a unified style.

We present a new shape restoration method based on a matrix recovery
method [9]. We formulate the shape restoration task as a low-rank matrix re-
covery problem, that we solve using convex optimization. A simple but ef-
fective dense correspondence scheme for shape vectorization is also proposed,
where a deformation-based surface matching method is used. Figure 1 depicts an
overview of our proposed method. Given a group of similar shapes, we first gen-
erate dense correspondences among all samples. Then each sample is represented
as a fixed-length vector, using coordinates of corresponding points. Finally, input
samples are restored to their original shapes using matrix recovery.

The remainder of this paper is organized as follows: Section 2 first gives
a brief introduction of matrix recovery theory, and then formulates the task
of restoring a group of similar shapes as a low-rank matrix recovery problem;
Section 3 introduces the procedure of acquiring dense correspondences among all
input samples, which is a crucial step for shape vectorization; Section 4 presents
results of an experiment using real world relics, demonstrating the effectiveness of
the proposed method; and Section 5 concludes with a discussion of the limitations
and promising directions of our method.
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2 Low-Rank Matrix Recovery

Matrix recovery, also known as robust principal component analysis (Robust
PCA), was first introduced in [9]. The essential idea of this theory is to re-
cover corrupted entries of a matrix using structural information of the matrix
itself. Compared to ordinary principal component analysis, this method is more
robust to outlying and corrupted observations, and it can handle such complex
problems as background modeling [10] and batch image alignment [11]. In this
section, we first give a brief introduction of matrix recovery theory, and then we
explain how this method is used to solve our shape restoration problem.

2.1 Problem Statement

Given the observed data matrix D ∈ Rm×n, generated by corrupting some of the
entries of an unknown low-rank matrix A ∈ Rm×n, let an error matrix E ∈ Rm×n
represent the corruption. E is also unknown but supposed to be sparse. The goal
is to recover A.

Robust principal component analysis [9] solves this problem by seeking the
lowest rank A that could have generated the observation D, while subjecting
the error matrix E to a sparseness constraint: ‖E‖0 6 k. Here the L0 norm is
employed to measure the matrix sparseness. Thus the initial problem becomes
an optimization:

min
A,E

rank(A) + γ‖E‖0, s.t. A+ E = D, (1)

where γ is the weighting parameter that trades off the rank of the solution and
the sparseness of the error.

As detailed in [9], the optimization problem (1) is highly non-convex, and
currently with no efficient solution. A tractable optimization, however, can be
obtained by relaxing the original problem. By replacing the L0 norm with the
L1 norm, and by measuring the rank with the nuclear norm ‖A‖∗, problem (1)
can be converted to a tractable convex optimization:

min
A,E

‖A‖∗ + λ‖E‖1. s.t. A+ E = D. (2)

Here the nuclear norm of a matrix is defined as the sum of its singular values:
‖A‖∗

.=
∑
i σi(A). And the weighting parameter λ is in the form c/

√
m, where

c is a constant, and typically set to be around 1. Notice that the new objective
function in problem (2) is continuous and convex, so it can be solved efficiently
[9, 12].

2.2 Applying to The Shape Restoration Problem

Now let us describe how we formulate our shape restoration problem as ma-
trix recovery. Given an object category C, in which many samples are partially
damaged and incomplete, let {si}ni=1 denote a group of observed 3D shape and
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{s0
i }ni=1 denote the corresponding original shapes without corruption. As we as-

sume that all these samples are of similar shapes and structures, i.e. they are
drawn from the same category, we may assume that they belong to a same linear
subspace S. In other words, as long as n is sufficiently large, an arbitrary sample
s0 from the same category C will approximately lie in the linear span of the
samples {s0

i }ni=1:

s0 ≈
n∑
i=1

αis0
i , (3)

where {αi}ni=1 ∈ R are coefficients. In our method, this assumption of linear cor-
relation is the only prior knowledge we rely on to restore the corrupted samples.

As in [11], we define an operator vec : C → Rm that extracts an m-
dimensional feature vector from a 3D model si. In our shape restoration case,
this operation can be accomplished by simply stacking the (x, y, z) coordinates
of the points of interest. We will discuss how to achieve this via non-rigid regis-
tration in Section 3. This results in a matrix A that represents all the observed
samples:

A
.= [vec(s0

1)| · · · |vec(s0
n)] ∈ Rm×n. (4)

According to the linear correlation assumption (Eq. (3)), matrix A should be
approximately low-rank.

For an observation sample si, let ei denote the corrupted or missing com-
ponent from the original shape s0

i , so si = s0
i + ei. Using the operator vec we

defined above, the corrupted observation can then be written as

D
.= [vec(s1)| · · · |vec(sn)] = A+ E, (5)

where matrix A is a low-rank matrix defined in Eq. (4), revealing the common
shape information of this category, and E

.= [vec(e1)| · · · |vec(en)] ∈ Rm×n is
the error matrix, representing the shape corruption. As we assume that the
corruption is partial and localized, the error matrix E should be sparse, which
means most of its entries are zero. Thus, the task of restoring the shape of similar
objects in the same category becomes a matrix recovery problem as defined in
Section 2.1.

3 Shape Correspondence and Vectorization

In the whole process of shape restoration via matrix recovery, a crucial step is to
properly represent the shape of each sample using a fixed-length vector, so that
accurate correspondences are established among all input objects. Recall that in
Section 2.2, we introduced an operator vec to extract an m-dimensional feature
vector from a 3D shape. In this section, we describe this procedure in detail.

3.1 Sparse Correspondences

First, let us consider establishing a group of sparse corresponding points. Obvi-
ously, a trivial solution is to manually specify the corresponding points. Although
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there are several automatic methods [13–16], using human assistance is still the
most reliable approach for finding correspondences, especially when data cor-
ruption and high scanning noise exist, which is common for historical objects
in the outdoors. If the output correspondence is acceptable, automatic shape
registration methods could be chosen as well. Notice that the methods in [15,
16] can also be used to generate dense correspondences.

In our work, we chose to leverage manual intervention. Among all input
shapes, a relatively complete sample is chosen as a template (Figure 2a). We
predetermine a group of feature points (Figure 2c) and manually select these
points on each sample (Figure 2d). If certain points are missing due to shape
corruption, we simply mark them as null points.

Then we adopt a rigid registration process for all samples (Figure 2f). The
posture of the template is fixed, and all other samples are aligned to the template
using Iterative closest point (ICP) [17] algorithm. Note that the initial posture
estimation could be calculated from the sparse corresponding points.

3.2 Dense Correspondences and Vectorization

Based on the sparse correspondences, a sampling strategy while keeping the
correct correspondence could be carried out to obtain dense correspondences
among all input samples. The uniform remeshing method in [18] is a workable
choice, but here we use a surface matching scheme based on shape deformation:

1. Adopt a uniform sampling on the template sample to create a final template
with an adequate number of points (Figure 2g).

2. Deform the final template to fit each sample using the sparse correspondences
we manually selected before as control handles for the non-rigid surface de-
formation process.

3. Search the closest point on the destination sample for each point of the
final template, and label the result as the approximate corresponding point.
Here we set a distance threshold: if there is no point within this threshold,
correspondence is marked as a null point.

For the shape deformation phase, a moving least squares (MLS) deformation
similar to [19] is employed:

Given a set of N control points (in our case the corresponding points),
let {pi}Ni=1 ∈ R3 be the original positions on source model S0, and
{qi}Ni=1 ∈ R3 be the corresponding deformed positions on destination
shape Sd. Consider an arbitrary point x ∈ R3 on the source model S0,
let Fx denote the transformation that gives the corresponding position
of point x on Sd after the deformation. According to the MLS theory,
Fx could be determined by solving an optimization:

min
Fx

N∑
i=1

1
d(x,pi)2α

‖Fx(pi)− qi‖2, (6)

where d(x,pi) is the distance between x and pi, α is a system parameter.
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(a) template sample (b) a damaged sample (c) selected point set (d) manual labeling

(e) cropped template (f) rigid registration (g) points on template (h) corresponding points

Fig. 2: Establishing dense correspondences. (a) and (b) are two illustrations of input
shapes, where (a) is relatively complete and selected as the template, while (b) is a
heavily damaged sample; (c) shows the point set chosen for sparse correspondences and
(d) is an example of manually labeled points; (e) is a cropped template sample that
keeps the region of interest only; (f) shows the rigid registration procedure between
the template and other samples before shape vectorization; (g) shows selected points
on the template via uniform sampling, and (h) is the corresponding points on example
(b).

In order to get better deformation results, geodesic distances are used in the
weight function. Given one 3D shape represented by a triangle mesh, the geodesic
distance between two points on its surface can be approximated with the length
of the shortest path from one to the other, which can be calculated by Dijkstra’s
algorithm. Moreover, the mapping Fx is assumed to be an affine transformation,
consisting of a linear transformation M followed by a translation T : Fx(x) =
Mx + T .

So far, we have obtained a set of dense sampling points with correct corre-
spondences for all input samples. As for the vectorization of each sample, the
(x, y, z) coordinates of all selected points are stacked to form a vector that rep-
resents the 3D shape. Obviously, all these vectors are of the same length as the
number of sampling points are fixed. Notice that points corresponding to dam-
aged parts may be marked as null points in our scheme. These null points could
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Fig. 3: Some example 3D shapes from the 3D database of facial sculptures in Bayon

be substituted with nearby points on the object’s convex hull or bounding box
for actual calculation. Figure 2h shows an example where points corresponding
to the missing right side of face are chosen from the bounding box instead.

4 Experimental Results

We conducted experiments to restore the 3D shapes of real-world cultural relics
to validate the proposed method. A group of 151 scanned models of facial sculp-
tures in the temple Bayon (Figure 3) were used. Due to weathering, vandalism,
and some other reasons, many sculptures are incomplete, and some of them are
damaged so heavily that only a small part is preserved (e.g. Figure 2b).

Each sample contains around 500,000 points and 1,000,000 triangles in aver-
age. A relatively complete sample, No. 15N (Figure 2a), is chosen as the template
and 13 feature points (apex of nose, corners of eyes and mouth, etc.) for sparse
correspondences were chosen (Figure 2c). These feature points were manually
localized on each sample.

Compared to the outer part of a facial sculpture, such as the ears and the
headwear, the inner part (the face) contains more information we are interested
in. Taking this into consideration, before generating dense correspondences, the
outer part of the template is masked out (Figure 2e).

In the dense correspondence phase, all samples were downsampled to 10,000
points, which makes the observation matrix D 30,000 rows and 151 columns.
The Augmented Lagrange Multiplier (ALM) method [12] is employed to solve
the convex optimization problem (2). On a common PC platform, the processing
time for solving Eq. (2) was within a few minutes.

Figure 4 shows two restoration examples. Sample No. 4E is so severely dam-
aged that it is difficult to identify facial features, while the situation of sample
No. 24S is even worse: several parts, including the whole forehead and half the
nose, are missing. In spite of that, our restoration method still gives satisfactory
restoration results.
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(a) sample No. 4E (b) sample No. 24S

Fig. 4: Two restoration results with parameter c set to 1. In each group, the picture
on the left side shows the observed geometry, and the other one shows the restored
output. Parameter c is a scaled version of parameter λ in Eq. (2): λ = c/

√
m, where

m is the length of the input vectors.

In the convex optimization process (Eq. (2)), there is a weighting parameter
λ that trades off the rank of the solution versus the sparseness of the error. As
we mentioned, parameter λ is in the form c/

√
m, where c is a constant, typically

set to 1. m is the length of the input vectors, fixed to three times the number of
corresponding points in our experiment. Therefore the constant c could be used
as a scaled version of the parameter λ. Notice that for our shape restoration
problem, this parameter c trades off the similarities of all input models versus the
characteristics of each sample: the larger c is, the more individual characteristics,
as well as the error caused by shape incompletion, will be kept and vice versa.
Figure 5 illustrates the effect of changing the value of parameter c. The result
shows that the typical value 1 seems to be a good trade-off for parameter c in
our shape restoration task.

5 Conclusion and Discussion

We have proposed a novel method for 3D shape restoration. We focused on a
group of similar shapes, aiming to restore them simultaneously. The key idea is to
make use of shape similarities, which is handled by a matrix recovery procedure.
Experimental results on facial sculptures from Bayon verify the effectiveness of
our method. Although it is difficult to evaluate the accuracy of our restoration
output, as there is no ground truth available, we believe the method is of signif-
icant importance for meaningful and feasible archaeological studies, especially
when the shapes of a group of similar relics are needed to be restored.

The method, as it currently stands, has a few limitations. First, the scheme for
acquiring dense shape correspondences is inefficient. Currently we use the closest
point after shape deformation as an approximation of the correspondence, which
is not guaranteed to be accurate and reliable, especially when significant non-
rigid deformation exists. The choice of the template sample may also affect the
result. Second, some shape details are lost after restoration. This is caused by
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(a) No. 19E (b) No. 20E (c) No. 22E (d) No. 22N (e) No. 24E

Fig. 5: Five different restoration results, with three different values of parameter c.
Each column belongs to the same sample, and the first row shows the original inputs.
The remaining rows demonstrate the outputs under different values of parameter c, 2,
1.6 and 1, respectively, from top to bottom.

the downsampling process and the parameter selection in matrix recovery. As an
immediate future work, we plan to investigate methods to distinguish corrupted
and missing data so that different strategies can be employed to restore each.
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