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Abstract For solving non-Hermitian linear systems, a famous method is Bi-Conjugate Gradient method (Bi-CG), but its

performance is not usually satisfactory because of the unstable convergent behavior and the expensive computational cost.

Recently a family of methods named Product-type methods were developed to enhance the Bi-CG method by redefining the

residual vector as rn := Hn(A)rB
n , where rB

n is the residual vector of the Bi-CG method and Hn(A) is an n-degree polynomial

named accelerating polynomial. In this research, we present the computational varieties based on the deriving processes of the

Product-type methods, and discuss the construction of various algorithms depending on these varieties. Finally, among these

algorithms we try to find some variations that are expected to be more numerically stable and have higher convergent speed

than the present Product-type methods.
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1. Introduction

Nowadays scientific computation become to play
an important role in various fields. It is not an
exaggeration to say that numerical computations
with high speed and high accuracy are occupying
the most important part in the work that comput-
ers bear. Following the high-speed development of
the computer science and technology, some nature
phenomena or engineering phenomena can be fore-
casted in high-speed and high accuracy through
computer simulations. These numerical simula-
tions are often done through the formulation by the
partial differential equations (PDEs). Many dis-
cretizations, such as the finite differential method
and the finite element method, are applied to the
boundary value problems of PDEs before calculat-
ing an approximate solution. As results of the dis-
cretizations, usually we have to deal with the large,
sparse and non-Hermitian linear systems.

Ax = b, (1)

where nonsingular coefficient matrix A ∈ CN×N

and right hand vector b ∈ CN are given, x ∈ CN is
the unknown solution vector. Since A arises from
the discretization or finite element approximations
with large-scale, sparse and non-Hermitian nonzero

*：The writer has graduated from the University of Tokyo.
Present address: NO.1105, Yanaka 2-5-3, Adachi-ku, Tokyo

entries, for solving these systems it might be fol-
lowed by vast computational cost and the inaccu-
racy arising from rounding errors.

For solving non-Hermitian linear systems (1), a
famous method is Bi-Conjugate Gradient method
(Bi-CG) [1], but it performs not usually satisfactory
because of its unstable convergent behavior and ex-
pensive computational cost. To improve the Bi-
CG method, a family of methods named Product-
type methods were developed , where many ef-
forts have been devoted to deriving more efficient
methods from restructuring Bi-CG to avoid calcu-
lating the transpose matrix-vector multiplications
and to accelerate the convergence rate in Bi-CG.
A common technique is to redefine the residual as
rn := Hn(A)rB

n : the product between the residual
vector of Bi-CG and an undetermined polynomial
of degree n that will be referred to hereafter as the
accelerating polynomial. CGS [2], Bi-CGSTAB [3]
and GPBi-CG [4] were derived from Bi-CG by this
common technique. The CGS method by Sonn-
eveld has been proposed earlier, which computes
the square of the Bi-CG polynomials without re-
quiring AH. In Bi-CGSTAB, Van der Vorst defined
the acceleration polynomial by using two-term re-
currence relations to design the residual polynomial
by using two-term recurrence relations to design
the residual polynomial of Bi-CGSTAB. In GPBi-
CG, Zhang proposed a different generalization of
Bi-CGSTAB that uses a three-term recurrent poly-



nomial at all iterations. He constructed the poly-
nomial from a pair of coupled two-term recurrent
polynomials. Last year, in [5] Zheng pointed out
that there may exist more variations of Product-
type methods by using some symbols summarized
from [6] and redefining the vector table in [7].

In this research, we focus on indicating the com-
putational varieties on the deriving processes of the
Product-type methods, and discuss the construc-
tion of various algorithms depending on these va-
rieties. Finally, among these algorithms we try to
find some variations expected to be more numeri-
cally stable and have higher convergent speed than
the present Product-type methods.

2. Product-type Methods

Before we give the definition of Product-type Meth-
ods, let us take a glance at the Bi-CG method which
is given as Algorithm 1.

Algorithm 1: Bi-CG method

x0 is an initial guess, rB
0 = b−Ax0, β−1 = 0, r∗0 is an arbi-

trary vector, such that (r∗0, r
B
0 ) |= 0, e.g., r∗0 = rB

0 ,
for n = 0, 1, · · · , until ‖ rB

n ‖<= ε ‖ rB
0 ‖ do:

begin

pB
n = rB

n + βn−1p
B
n−1, (2)

p∗n = r∗n + β̄n−1p
∗
n−1,

αn =
(r∗n, rB

n)

(p∗n, ApB
n)

,

xn+1 = xn + αnp
B
n ,

rB
n+1 = rB

n − αnApB
n , (3)

r∗n+1 = r∗n − ᾱnAHp∗n,

βn =
(r∗n+1, r

B
n+1)

(r∗n, rB
n)

,

end

In the Bi-CG algorithm, a Krylov subspace [8]

Kn(AH; r∗0)
= Span{r∗0, (AH)r∗0, (A

H)2r∗0, · · · , (AH)n−1r∗0},
is generated, and the approximate solution xn has
an associated residual rB

n (:= b − Axn) which sat-
isfy the orthogonality rB

n ⊥ Kn(AH; r∗0) [1]. And
combining with the Lanczos process [9], the n+1th
residual vector rB

n+1 can be worked out by (3) and
the auxiliary vector pB

n named direction vector can
be worked out by (2).

Athough Bi-CG theoretically constructed a effec-
tive loop which would be helpful to make the resid-
ual convergent to zero, numerically, it performs not
so well because of its unstable convergent behav-
ior and expensive computational cost. To enhance
the Bi-CG method, the basic idea of Product-type

methods is by redefining the residual vector as

rn := Hn(A)rB
n , (4)

where Hn(A) is an n-degree polynomial which con-
tribute to accelerating the convergence of rB

n , and
it was designed as follows: [4]

H0(λ) = 1, G0(λ) = ζ0,

Hn(λ) = Hn−1(λ)− λGn−1(λ), (5)
Gn(λ) = ζnHn(λ) + ηnGn−1(λ). (6)

The well-known Product-type methods such as
CGS, Bi-CGSTAB and GPBi-CG can be derived
from the computations when they choose the differ-
ent parameters ζn and ηn in (6). According to these
different choices of parameters ζ and η, they per-
form very differently on convergence behaviors. In
fact, CGS usually give an unexpected performance,
because it magnifies local error peaks in the conver-
gence history of Bi-CG so that cannot to be con-
vergent. Although the convergence of Bi-CGSTAB
is not so slow as Bi-CG, it does not perform as well
as GPBi-CG in most cases. Let us show this in a
common example. We take a Toeplitz matrix A of
order 200, and take the right-hand side b that the
all elements of b are 1. In Figure 1 we plot the resid-
uals for Bi-CG, CGS, Bi-CGSTAB and GPBi-CG.

Figure 1: Result of Toeplitz matrix with γ = 1.5

GPBi-CG is looked as the robustest one in many
cases, however, in fact sometimes GPBi-CG even
may lead to rather irregular convergence behaviors.
The reason can be assumed as the recurrences em-
ployed in the algorithms might be not numerically
stable enough so that the iterations are lead to a
slow convergence effected by the rounding errors.
Therefore we put our efforts to find more stable
recurrences in this research.



3. Varieties of Product-type method

For simplifying the complexity on expression, first
we summarize the symbols used in [6] as follows:

rHm
n := Hm(A)rB

n , rGm
n := Gm(A)rB

n ,

pHm
n := Hm(A)pB

n , pGm
n := Gm(A)pB

n , (7)

where m,n = 0, 1, · · ·. Each of them represents a
vector that arise from the product of the polyno-
mial Hm(A) or Gm(A) and the residual vector rB

n

or the direction vector pB
n . And according to (4),

rHn
n represents the residual.
In fact, to derive the algorithm of Product-type

method we usually concern the relation between
nth residual rHn

n and (n + 1)th residual r
Hn+1

n+1 . To
clear this relation, we substitute the recurrences
(5)-(6) and (3)-(2) for (4) alternately, and list all
the two-term recurrence as follows:

r
Hn+1
n+1 = rHn

n+1 −ArGn
n+1, (8)

r
Hn+1
n+1 = r

Hn+1
n − αnApHn+1

n , (9)

rGn
n+1 = ζnr

Hn
n+1 + ηnr

Gn−1
n+1 , (10)

rGn
n+1 = rGn

n − αnApGn
n , (11)

pHn+1
n = pHn

n −ApGn
n , (12)

pHn+1
n = r

Hn+1
n + βn−1p

Hn+1
n−1 , (13)

pGn
n = ζnp

Hn
n + ηnp

Gn−1
n , (14)

pGn
n = rGn

n + βn−1p
Gn
n−1, (15)

rHn
n+1 = rHn

n − αnApHn
n , (16)

r
Gn−1
n+1 = r

Gn−1
n − αnApGn−1

n , (17)

pHn
n = rHn

n + βn−1p
Hn
n−1, (18)

pGn−1
n = r

Gn−1
n + βn−1p

Gn−1
n−1 , (19)

r
Hn+1
n = rHn

n −ArGn
n , (20)

rGn
n = ζnr

Hn
n + ηnr

Gn−1
n , (21)

p
Hn+1
n−1 = pHn

n−1 −ApGn
n−1, (22)

pGn
n−1 = ζnp

Hn
n−1 + ηnp

Gn−1
n−1 , (23)

And all the vectors in these recurrent relations can
be described with one table (Figure 2). In this ta-

Figure 2: Partial vector table for showing the relations
between rHn

n and r
Hn+1
n+1

ble we arrange 16 vectors into a 2× 2-block table,
and each block has 4 vectors. Let us assume that
let the upper-left block be a known block, and let
the lower-right block be a unknown block. Then
how to compute the 4 vectors from the known block
become concerned. According to the formula list
(8)-(23), for computing r

Hn+1

n+1 , there are two ways
can be obtained, (8) or (9). In the case we use
the former, the computing route in the vector ta-
ble (Figure 2) must cross through the lower-left
block, since in (8) rHn

n+1 is needed and rHn
n+1 is in

the lower-left block. On the other hand, if we use
(9), the route cross through the upper-right block.
The same as that, we can also observe that for
computing the other vectors pGn

n , p
Hn+1
n and rGn

n+1

there are two ways respectively. Thus, if we de-
note the route through the upper-right block with
↑ and the route through the lower-left block with
←, there exist 16 kinds of routes from the known
block to the unknown block, since there are 4 vec-
tors in the unknown block and each vector has two
kinds: ↑ and ←. It also means that there are 24

ways for computing unknown block from the known
block. We denote the 16 routes in the order of
(pGn

n , p
Hn+1
n , rGn

n+1, r
Hn+1

n+1 ), and then the notations
are (←,←,←,←), · · ·, (←, ↑,←, ↑), · · ·, (↑, ↑, ↑, ↑).
Namely we can obtain 16 sets of vector recurrences,
which indicate the variety based on the computa-
tions of vectors.

4. Implementation Details

There also are some varieties on the computations
of parameter α, β, ζ and η discussed in my mas-
ter thesis. And we can combine the varieties to
construct many variations of Product-type meth-
ods. Among these variations, we propose a method
named GPBi-CG V which is combined as follows:
• routes (←,←,←,←);
• computation of αn and βn−1:

αn =
(r∗0, rHn

n )
(r∗0, ApHn

n )
, βn =

αn

ζn
· (r∗0, r

Hn+1

n+1 )

(r∗0, r
Hn
n )

;

• the function for computing ζn and ηn:

[ζn, ηn] return←− fζ,η(rHn
n+1, ArHn

n+1, Ar
Gn−1

n+1 )

:= arg min
ζn,ηn∈C

‖ rHn
n+1 − ζnArHn

n+1 − ηnAr
Gn−1

n+1 ‖2

And then, we use some auxiliary vectors to sub-
stitute for the algorithm for reducing the computa-
tional cost. We named it GPBi-CG V, as a variant
of GPBi-CG.
Algorithm 2: GPBi-CG V

x0 is an initial guess, r0 = b − Ax0, β−1 = 0, r
H−1
0 =

Ap
H−1
0 = 0. r∗0 is an arbitrary vector, such that (r∗0, r

H0
0 ) |=



0, e.g., set r∗0 = rH0
0

for n = 0, 1, · · · , until ‖ rn ‖<= ε ‖ r0 ‖ do:

begin

pHn
n = rHn

n + βn−1p
Hn
n−1,

αn = (r∗0, r
Hn
n )/(r∗0, Ap

Hn
n ),

rHn
n+1 = rHn

n − αnApHn
n ,

r
Hn−1
n+1 = r

Hn−1
n − αn(Ar

Hn−1
n + βn−1Ap

Hn−1
n−1 ),

A pGn−1
n = A r

Gn−1
n + βn−1A p

Gn−1
n−1 ,

A r
Gn−1
n+1 = r

Hn−1
n+1 − rHn

n+1,

[ζn, ηn] = fζ,η(rHn
n+1, ArHn

n+1, A r
Gn−1
n+1 ),

A pGn
n = ζnApHn

n + ηnA pGn−1
n ,

A rGn
n+1 = ζnArHn

n+1 + ηnA r
Gn−1
n+1 ,

pHn+1
n = pHn

n −A pGn
n ,

r
Hn+1
n+1 = rHn

n+1 −A rGn
n+1,

rGn
n+1 = ζnr

Hn
n+1 + ηn(r

Gn−1
n − αnA pGn−1

n ),

xn+1 = xn + αnp
Hn
n + rGn

n+1,

βn = (αn/ζn)(r∗0, r
Hn+1
n+1 )/(r∗0, r

Hn
n ),

end

Let us give a brief comparison on computational
cost showed in Table 1 between GPBi-CG V and
GPBi-CG.

Table 1: Summary of Operations in per Iteration.
Method Inner Product AXPY MV
GPBi-CG 7 15 2
GPBi-CG V 7 14 2

where AXPY is short for operations + vector scal-
ing and MV means Matrix-vector product. Thus,
we can observe that the proposed algorithm have
the almost same cost of GPBi-CG.

5. Numerical Experiments

We present the results of numerical experiments on
the range of matrices collections in various fields
provided by Matrix Market. We take right-hand
vector that all entries are 1 in each linear systems.
Also we report the numbers of iterations and log10

of true relative residual 2-norm in Table 2. The
stopping criterion used was ‖ rHn

n ‖ / ‖ b ‖<= 10−12

Table 2. Test problems (N: order of matrix, NNZ: nonzeros
in matrix) and the convergence results

on number of iterations and true relative residual(TRR).
Bold font characters mean the relatively better results

compared with GPBi-CG

Iteration Number TRRMatrix
N NNZ GPBiCG V GPBiCG GPBiCG V GPBiCG

add20 2395 13151 540 580 -11.83 -11.69
bwm200 200 796 134 163 -10.60 -10.67
cavity05 1182 32632 758 905 -9.41 -10.25
cavity10 2597 76171 1424 1291 -8.86 -7.75
cavity16 4562 137887 2237 2970 -8.54 -8.37
cavity17 4562 131735 3548 3641 -8.12 -7.11
cdde3 961 4681 195 217 -11.99 -12.06
e05r0000 236 5846 435 465 -11.58 -11.52
rdb1250l 1250 7300 204 723 -11.70 -11.79
rdb800l 800 4640 162 334 -11.98 -11.99
sherman5 3312 20793 2377 2497 -9.71 -10.01
watt 1 1856 11360 383 977 -4.60 -4.61

6. Conlusions

In this research we gave a new point of view around
the varieties on the Product-type methods and re-
analyzed their deriving processes, through which
we constructed many variations. And among these
variations we proposed a method named GPBi-
CG V. By our numerical experiments GPBi-CG V
looked having good potentials to solve the non-
Hermitian systems. With a more stable and more
efficient convergent behavior, it is expected to sub-
stitute for the present methods in the world.
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